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Abstract—A compartmental transport model is developed, capable of predicting the evolution of CO,, R
HCO7 and H* in the cerebrovascular system. In the model, the transport of these components is sim-
ulated at a subset of three compartments: cerebrospinal fluid (CSF), capillary—choroid plexus and brain I¥
tissuc, bclonging to a seven compartmental assembly representing the entire brain. The remaining ones i
arc: artery, vein, vcnous sinus and jugular bulo. The model accounts for advection associated with gi
non-steady perfusion fluxes across semi-pervious boundaries. Pressures, associated with perfusion, are U
solved in the seven-compartment model. The three-compartment transport model also takes into account ol
changes in comparunental volume due to displacement of its boundaries, diffusion through boundaries Sl
aind rate of generation o1 supstances by chemical reactions. A first-order reaction rate is assumed in the " "
CSF compartment. A parameter estimation method is then developed to assess boundary diffusivities — Jm'}
from time-averaged observed values of perfusion pressure. tension of carbon dioxide. pH values, and i
concentration of free hydrogen and bicarbonate ions. An equation of state describing the regulation of ,||
flow from arteries to capillaries, as a function of CO; tension in the CSF, is then suggested. Upon "
solving all coupled mass balance cguations, and {or 4 pre-evaiualed periusion pressurg in the artery and cutilh
capillary compartments, one can estimate the change in arteries to capillaries conductance at every time ' l
step. Boundary diffusivities between the capillarv, cerebrospinal fiuid and brain tissue compartments.
were estimated. A sensitivity analysis proves the consistency between model predictions and available
clinical observations, this. in terms of the influence of the parameter associated with CO; metabolic rate ‘
on COs tension. It was shown that decrease of this tension caused an abrupt pressure fall at the first ‘

instant which later increased to an asymptotic value. This, however, was not evident in the capillaries at ‘
which pressure slightly falls and then remains constant. .

I

Key words: compartmental system: non-steady perfusion fluxes: compliance; conductance: diffusion; |
advection; chemical reactions: molecular CO»: bicarbonate ion: hydrogen ion; paramster estimation: N
sensitivity analysis. . { .
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1. INTRODUCTION .
Experiments [1] showed that the flow of blood from the arteries to the capillaries .
within the cerebrovascular system is controlled by changes in the concentration of CO, - e

within the brain tissue. In order to investigate changes in this flow in response to
changes in CO, concentration, 2 model that simulates chemical transport and blood il
flow in the brain system was constructed. Following earlier works by the authors

[2-5], a multicompartmental model was selected for this purpose. In such a model

each part of the brain, identified by a certain function that it fulfills, is simulated as

a compartment characterized by unique values of time-dependent variables, such as

pressure and concentration of considered chemical components. Adjacent compart-

ments interact with each other, enabling flow of fluids (here blood) and chemicals (e.g. ,
CO- dissolved in the blood) to be transported across intercompartmental boundaries.
Mechanisms of species transpgrt include perfusion with the blood and molecular dif- ,
fusion. In addition, various chemical reactions involving CO;, HCOJ and H* take Lk

place. affecting their concentration. A model of this kind is often referred to as a -y
Sfully mixed, lumped parameter model.

In Sorek er al. [3] a detailed description is given with regard to their choice e |
of compartmental model, the chosen resistances and compliances and the role of s
these parameters in relation to physiology. Following this, we use the same model RS
composed of seven compartments to simulate the following brain parts: artery (A), -
capillary—choroid plexus (C). venous (V), venous sinus (S), jugular bulb (J), cere- e
brospinal fluid (F) and brain tissue (B). In this model, for example, the resistances I

Rce, Rcr and Rgg are identified as the blood-brain barrier, the blood—-CSF barrier
and the CSF-brain barrier, respectively. Displacement is introduced in terms of com-
pliances. This, for example, allows the choroid plexus to convey pulsations to the
CSF system [6]. L
In the model investigated here, it is assumed that a single (averaged) incompressible
fluid flows through the various compartments that simulate the cerebral system. The
mathematical mode! is comprised of mass and momentum balance equations for the
fluid and mass balance equations for each of the chemical substances influencing the - RONY T
CO-, transport.

2. THEORETICAL DEVELOPMENT

2.1. The lumped parameter flow model

Figure 1 shows three adjacent compartments, (i), (j) and (n), separated by common
boundaries which permit fluid to leak through them. from (i) into (n) and from (7)
into (j). They also allow components dissolved in the fluid to be transported across
the boundary. The solute is transported through any boundary by two mechanisms:
advection with the fluid, commonly referred to as transport by perfusion, and ‘molec-
ular diffusion. The boundary itself acts as a semi-pervious membrane which can be
displaced in response to pressure changes in the adjacent compartments. This dis-
placement produces changes in the volume of each compartment. We use the term
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Figure 1. Three compartments with flow through common boundaries with conductances Z (_.1h_),
compliances C{._~~__) and transport D(=4_"—) coefficients.

compliance to describe the relation between the change in a compartment’s volume
to the change in the pressure difference across it.

For a fluid of constant density, p, the mass balance for the (n)th compartment
expressed by

f(n) Jin)
dv,
Zqin - anj + 0w = dtn

i=1 j=1

(D

where /5y and J) denote the number of compartments from which flow enters
the (n)th compartment, and leaves it, respectively; g,, and q,; denote the fluxes
from the (i)th compartment into the (n)th one and from the (n)th one to the (j)th
one, respectively; Q. denotes the fluid sources in the (n)th compartment and V,
denotes the volume of compartment (1n). The compartmental volume is afiected by
the nigidity of the dispiaced boundary in response to changes in the pressure difference
Pnn = (Pn — P,) across the mutual boundary between compartments (m) and (n).
Within the cerebral system, differences in elevation, H, are small. Hence, we may

assume that between two compartments. m and n. we have
-*

Ppun = (Pn — Pu) > pg(Hm — H,), )

where g denotes the gravity acceleration.

The flux through a semi-pervious boundary between two compartments is propor-
tional to the piezometric (= hydraulic) head difference between them. However, in
view of (2), we assume that the flux is proportional to the pressure difference, i.e.

9in = Zin Py, 3)

where Z;, is called the conductance of the boundary between the (i)th and (n)th
compartments. The rate of change in V, appearing in (1) is expressed by
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where Cp, denotes the value of the compliance of the (n)th compartment due to the
displacement of its boundary with the (m)th one and M, is the number of boundaries

The comphancc, Coan, is defined by

v dV,
Cmn = . (4.2)
dPpun
In view of (3) and (4), we can now rewrite (1) in the form
In) Jimy M)
mn -
Q(n) = Z Zm Pm + Z an Pnj + Z Cmn . (3)
i=l m=}

In general, the various Z;,"s and Cp,’s are assumed constant. In this paper (as in
earlier papers by the authors [3-5]), these coefficients are allowed to vary as functions
of lime, e.g. in the form of a step funcuon in time, say, in response o iliness. As
will be shown in the sectuon below, the conductance between the arteries and the
capillaries depends on the arterial CO; tension.

Equation (5) constitutes a set of n equations, one for each of the n compartments,
in the n unknown pressures, P,. It does not incorporate osmotic pressure falls. an ad-
ditional tcrm which reduces the total pressure, influential especially when considering
transport of proteins and regarded as the colloidal osmotic pressure. In our model the
osmotic pressure associated with the CO,, HCOZ and H™ ions is by many orders less
than the one generated by proteins and can be, accordingly. neglected. Furthermore,
the osmotic values of blood and CSF are similar. and therefore do not produce any

osmotic pressure fall.

2.2. Transport of chemical components

Our necxt objective is to formulate the mass balance cquation {or Lh chemical com-
ponents transported through the compartmental system.

A detailed literature survey on the effect of changes in arterial CO- tension on
cerebral blood flow is documented in Greenberg et al. [1]. In that work, a mathe-
matical model is developed that relates the cerebral blood flow control to changes of
CO;, tension in the arteries (P,CO,). Greenberg’s model of the controlled perfusion in
the brain system is composed of three compartments: capillaries (blood), cerebral ex-
tracellular fluid and cerebral intracellular fluid. His model is based on the assumption
of rigid compartmental walls and constant perfusions blood pressure.

In what follows, we present 2 modification and an extension of Greenberg’s model.
The extra/intra _ccllular fluid compartments are subject to the same pressure, hence
they are lumped into one brain tissue compartment. We relax the assumption of
rigid walls by introducing compliances and by solving the perfusion pressire for a
non-steady system.

The general layout, composed of a seven-compartment system, is shown in Fig. 2
This general system was developed by Sorek er al. [3] to evaluate changes in the

o
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Figure 2. Cerebral seven-compartmental system for perfusion pressure and transport processes.
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cerebral perfusion pressure. Figure 3 shows the transport as conceived by Davson [7]
and Greenberg ¢7 a!. [1]. Cur wim is o include 1n the model the regulation of arterial
to capillary conductance as a function of CO, pressure associated with perfusion flux
and changes in compartment volume related to boundary compliance.

Following the discussion of Greenberg er al. [1], we focus our attention on the
hydration reaction that takes place in the phvsiologic fAluid "1r:alazing‘khrough the
cerebrovascular system

k
CO, + H,0 = HCOj + H*. 6)
kg

This chemical reaction influences the transport of dissolved CO, and will thus be
considered in the model. The coefficients k. and k; are the forward and reverse rate
constants, respectively.

In view of (6), the three chemical species that are involved in controlling the block
flow are: molecular carbon dioxide (CO-), bicarbonate ion (HCO3') and the hydrogen
ion (H™). PP UV

In developing the transport equations, we write a mass ba.la.nce equation for each
of these substances, using the notation: ! = 1 for CO,, / = 2 for HCO3 and [ = 3
for H*.

For the mixed cell idealization considered here, with no external sources or sinks of
the components, the mass balance for the / substance in compartment », is expressed
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Figure 3. Schematic of the brain mode! compartments showing both fluid flow (solid arrows) and dif-
fusion (broken arrows) between compartments. Transport is (a) between cxtracellular fluid (ECF) and
capillary blood, (b) between the capillary blood and cerebrospinal fluid (CSF), (c, d) between the CSF
and ECF, (e, f) between the cells (glia and neurons) and the ECF (modified from Davson [7] and after

Greenberg et al. {1]).

by
Iimy Jin) Km

d
E(CL Vn) = Z Cf(n)qin - Cﬁ: Z 4nj + Z Jlin + an (7
i=] j=l1 k=1

where ¢! is the concentration. i.e. mass of species ! per unit volume of compart-
ment n, R’ denotes the rate of production of the /th substance by chemical reaction
in the nth compartment, cfw is the concentration of species / in cell / entering cell n,
Ji, is the flux by diffusion of the substance ! from compartment k into cell n through
their common boundary (a total of K(n) such boundaries). The perfusion fluxes, gq,,
and q,,;, are related to the pressure difference by (3). As the pressure fluctuates, these
advective fluxes, that carry soiutes, aiso fluctuate in magnitude. In most exisung
models, these fluxes are assumed constant. For example, the flux from the arteries to

the capillaries, which affects the corresponding solute transport, varies in the range of
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around 5% (for an average of 750 mm/min [4]). The diffusive flux is expressed by
7= D [ _ 8
Jkn = Py \Ck(n) Cn }» (8)

where D}, is a coefficient that is related to the diffusivity and ‘thickness’ of the
boundary, thus regarded as boundary diffusivity. By expanding the first term of (7)
and in view of (4.1), we obtain

M
—(dV,) = V,—=.
dr (ca¥n) [ Z Crnn a | ©)

By integrating (4.2), we use the symbol V,,, for

™

M)

——— 0 -
V = V Z (Vnm + Crzm an), (10)
m=]
where
- 0 0
Vam = ~Com (Pa = Pn), (11)

0 0 0
and V,, P, and P, are reference values given at the same time (e.g. at : = 0).

If we substitute (3), (8)—=(11) into (7) we obtain

Iin) J(n) Mm) dpP n
= Z ZumC nn) [Z an Pn_, + Z Cmn = }

i=1 Jj=l m=1

(12)
K(n) (
{ i ) pl
+ Z DI:I: \Ckm) CIZ) ’ Rn .
k=] -

_ dC ('l)
K

Henry’s law states that the concentration of a dissolved gas (e.g. CO2) in a fluid is

related to its solubility, «, by
c =am!, . L - (4

where o (constant for all cells) is in mol/l/mmHg and =} is partial pressure of the
gas in cell n. In writing (14), we have overlooked the difference between the volume
of a cell and the volume of fluid in it, assuming that the volume of (solid) tissue in
the cell is negligible.
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Thus, in view of (14), the mass balance equation (13) for the dissolved gas becomes
l(’l) Km) 1 R Y

= Z Zinmip Pin + Z D; ( ) Jt,{) - Qe + -{Zl, (15) - e

i=l] . e

where 7! =/ — ! Note that (15) does not include any effiux terms.
2.2.1. CO» transport. In view of the transport processes depicted in Fig. 2 and (15),
we write the explicit forms of the mass balance equations for dissolved CO; in the C,

F and B compartments.

Capillary—choroid plexus .

1 1 o
- R e
. 1 11 11 c
C. Ve —d—=ZAC/.ACPAC-FDBCT[BC-*—DFCJTFC+—a—, (16.1) ’
where '
— 0 -~ 3
Ve = Ve + Ver + Cer Per. (16.2) )
CSF ‘
dT[l Rl
, v e _ RPN 1 2
F: Vg~ = (ZcrPcr + Dc)myy, + Dpp g, + - (17.1)
where :
VE= Ve + Vec + VB + Vrs + CcrPcr + Cra Pr + Crs Prs. (17.2)
_ '
]
Brain tissue e
. _ g
3

In compartment B there are two sources of carbon dioxide production. One is related
to hydration-dehydration reaction (Rlla), the second is CO;, production in the cells
through metabolism. Following Greenberg er al. [1], we refer to the assumption that
metabolic production rate has two forms: direct production of molecular CO, with
fraction f’ and production of HCO3 with fraction (1 — f’). Thus balance equation
for CO, in compartment B has a form:

i

VB—-—B = (ZCB Pcp + Déc)nl
B. . 4 ‘ Rl [
(ZFBPFB+DBF) +—+VB_f" <

é- ALl MR W A
D

where M is the metabolic rate for total CO, and

— 0 — -
Vg = Vg + Vv + Vgg + Cv Pav + Crs Fra. (18.2)
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With (15) as a typical balance equation for gas such as CO; in a compartment, ex-
pressed in terms of the partial gas pressure m}, we may write seven balance equations
for the seven compartments. Compartment A serves as a compartment with known
fluid pressure and partial gas pressure that represent boundary conditions. This leaves
only six compartments and six CO; balance equations. By examining Fig. 2, we
note that the three compartments, C, F and B, contain no influx from the V, S and
J compartments. Hence, in view of (15} which disregards the efflux terms, we may
write a subsystem of three balance equations for the C, F and B cells in terms of the
variables 7r}, 7! and 7!. In order to decouple this subset of transport equations from
those for the V, S and J compartments, we had to introduce one more simplifying as-
sumption. This assumption states that the advective CO, fluxes between the adjacent
compartments from A to C, from C to V, and from B to V, are much larger than the
diffusion fluxes between the same compartments. In each case, we may express this
assumption by a compartmental Peclet number, expressed in the form

Zin P, in

(19)
Din

Pe, =

Hence, when Pe, > 1, the advective flux is dominant, while Pe, < 1 means the
domination of the diffusive flux. Otherwise, we have to include both the advective
and diffusive fluxes.

Note that in order to evaluate the pressure fall, say between compartments / and j
(i.e. P;j), we still need to refer to the entire compartmental setup.

2.2.2. HCOj3 transporr. Our next objective is to write the balance equation for
HCCY for the C, F and B comparimeats. Here we have to take into account the
1onic nature of this component. In addition to diffusion across the boundary between
adjacent cells, as driven by a concentration difference, another diffusive flux is pro-
duced by the difference in electric potential across the boundary. These differences
in electrical potential result from the behavior of boundaries as semi-pervious mem-
branes which prevent certain ions from passing through them [1]. Because of the
electrical charges and because we deal with the diffusive flux of charged particles
(i.e. the HCOZ ion) the membrane itself becomes charged and affects the diffusive
flux through it.

Nernst’s equation describes the equilibrium potential created by the ion distributions
across the membrane. .

The diffusion of an ion through a charged membrane as governed by the electro-
chemical potential was formulated by Harmis [8].

Typical measured values of the electrical potential across membranes for bicarbonate
and hydrogen ions [9, 10] do not agree with values as calculated by the Nernst
equation. This leads to the conclusion that the Nernst equation does not describe
the equilibrium in electro-chemical potentials across a membrane boundary ,in the
cerebral fluids, as produced by the concentrations of HCO3 and H* ions on both
sides of such boundary. Greenberg [1] addresses this issue and suggests an additional
diffusive term, controlled by a coefficient of diffusion D”.
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Next, we follow Greenberg’s [1] development, when applying the component bal-

S. Sorek et al. s

]
i

ance equation (13) to HCO;5 in the C, F and B compartments.

Capillary—choroid plexus : e ’
dc? ; : t
V. C _ 2 _ 2 2 (2 .2 2 .
o Ve =Zne(dh =) P+ Die(d — viect) (20.1)
+ DRc(ct - riuct) + B2
where
Djc = Dic + Die
- DIBZC fZ p Y (20‘2)
2 = ZBC, hedy
Yec D exp < RT ™) |
Dfc = Dic + Dg¢ ‘ i
Dz fZ - (20.3)
2 FC
- : -ZE
Yec D3 °*p ( RT m)

In these equations f is Faraday constant, Z is the valence of ion, R is gas constant,

T is absolute temperature and Ey, is the maximum equilibrium potential according to
the Nernst equation

/

Em=61.5l0g—, 1)
C

where ¢’ and ¢” are concentrations on both sides of the membrane.

CSF
_ dc?
Vi—L =
F: dr

ZCF (Cé - Cé) PCF + DgC (yFZCCé - C:) (62)

:f2 2.2 2
+ DBF(CB - yBFCF) =+ RF’ *

o - ¥ am

Here Dic, vZ.. Dap and y5, are similar in their expression in (20.2) and (20.3).

Brain tissue

de?

T o) o+ 2 ) o+ Bt =) |

B: dr

From (6), it follows that . .~ . . e

Note that (24) constitutes two equations for each compartment. The concentration
of water is assumed constant so that it has no rate of production.

-

[ 1o}

23) |

+ Dle(vZci =) + Ry + (1= £)VaM.

;

it
»
mm-.-v?‘.—‘-_-. - ? - e

“e'. P T . taeye,

R’ll = —R: = —R,Slv n= Bv Cv F. . ) (24)
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2.2.3. H* transport. In the case of the hydrogen ion, we realize that a considerable
quantity of the formed H* becomes bound to various buffers (to hemoglobin in the
blond). The bound portion ‘of the total amount does not contribute to changes in H
which is a measure of the (non-bound) concentration of H* in the fluid. We define
a buffer capacity, B, of a homogeneous medium by the rise in total hydrogen ion
concentration, c*, per unit rise in pH, i.e.

B=—_. (25)

The definition of pH(= — logc?), together with (25) yields

dc B dc?

= - —. 2
dz (In10)c3 dr (26)

The integration of (25) for compartments » and { (assuming B to be constant within
the range encountered in the compartments) yields

&' — ¢ = B(pH; — pH,)) — (B. — By), 7

where B, and B; are integration constants associated with compartments n and i,
respectively.

The discussion presented above on the diffusion of the bicarbonate ion across bound-
aries between adjacent compartments is also applicable to the hydrogen ions.

In view of (12), (26) and (27), we write the mass balance equations for the H* ion
in compartments C. F and B.

Capillary—choroid plexus

—_ d(‘ 10 -
Ve—== -'—-'CJ Zac(BPHac — Bca) Pac .
o dz Bc el (28.1)
+D3C< ‘SBC c>+DFC< ‘Sgc é>+RéJ
where 5
D3 = Dgc
3 sz //3 9
 Diexp(EE n)+ DR [ (28.2)
ST Dk
Dl3:c = DI3 ] = R EEVERE .
43 Dge cxp( Em) + D”3 [ - «(28.3)
53 =
Fe Dic B
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0 .

CSF N

— dcZ 10 .
E "de_tF’ = ——(,;LJ_,CP \PPHcE — Bcr) Fer

-

(29) ,'
+ Dm(sgccc ) + DBF( — 82 F) + RF] ’

n 2 2 . c. . . ,
Here Df:c, :‘c* Dy and Spp have expressions similar to those given in (28.2)
and (28.3).

.

Brain tissue

VB = ——BC;[ZCB(ISPHCB - BCB)PCB + Zrs (,BPHFB - BFB)PFB (30)

+ Dyc(s3cct = c3) + Die(Shect —c3) + R + (1 = £)MV3].

The presence of the enzyme carbonic anhydrase in the red blood cells makes the
hydration/dehydration practically instantaneous. Consequently reaction (6) is always
one of equilibrium, described by the reaction constant k.

On the other hand, in compartment F the absence of carbonic anhydrase in the i
cerebral extracellular fluid means that reaction is not one of equilibrium. Instead, .
it has a finite constant rate. We assume a first-order reaction in which the rate is
proportional to the concentration. Under conditions of non-equilibrium, the rate of
production of CO, equals the difference between the reverse and forward reaction
rates. Therefore, in view of (6) and (14), we write for the F compartment

Rl = \"1:(ch362 — kga ) (3D *

In compartments C and B, where the reaction is in equilibrium, we write

22
k= ‘Cj : . (32)

Concentration of water (H,O) is assumed constant; hence, it is incorporated in the

reaction constant k. By virtue of (14) and (32) we conclude that ¢3 = 3(an!, ¢?). i
Therefore, we can replace (32) for compartments C and B, by the relation !
de* & dc2+ak drr? 33)
dt = 2 dt % dr’ (3 i
i
2. 3 Numerical solution 3
i B F e H a S oeaghd ﬁw’

At thlS stage we have a model consisting of 24 unknown vanables (six P; pressures as-
sociated with compartments j = B, C,F, V, S, I; nine ¢} concentrations and nine R.,

sink-source terms, [ = 1, 2, 3 for CO,, HCO3 and H™, respectively, associated with
compartments n = B, C, F) for which we havc 24 couplcd equations: six balance
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equations (5) for blood flow, one for each compartment; nine component mass bal-
ance equations (16.1), (17.1), (18.1), (20.1), (22), (23), (28.1), (29) and (30), one for
each component in each compartment; two relations (33) for compartments C and B.
expressing the reaction kinetics; equation (31) for compartment F, and six reaction
balance equations (24), for compartments C, F and B.

Taking into account (24) we can rewrite the mass balance equations (16.1), (18.1),
(19.1). (22). (27.1). (29) in compartments B and C, in the form

— dm} R}
V,—2 =gl 4 1, =B, C, 34.1
n dt (pn + o n ( )
— dc?
Vit =0, - R, (34.2)
ﬁ;_ dcs 3 1 ﬁn
-V =¢, - R, .= : 34.3)
gy T Re A= 40g (

where gof, denotes the right-hand side of (16.1), (18.1), (19.1), (22), (27.1) and (29),
excluding the reaction terms R! (I = 1, 2, 3).
After substitution of (34) into (33) we obtain

3
Ry=) algi, n=B,C, (35.1)
=1
where
k c 3
al = - :x , a,2, = = a,3, = ——c'l—, (35.2)
2l 2O B An
and PR
k
A==+ 22t ‘ (35.3)
Cn Cn h
Finally equations (34) can be rewritten as
— dor! 1 2,2 3,3
V=t = <1+ ) 1y 2nPn TP 4 =B,C, (36.1)
dr o
- da 11 2 3,3
V,,El‘- = —a,p, + (1 -—“c—z,;)go; — a0 (36.2)
— dc? c '
n dt" = ——’i[ —ale! —ap?+ (1 - a,?)cp,ﬂ (36.3)
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In compartment f, using (23) and (30) we transform (17.1), (21) and (28) into

drr! Vv :

V.__F _ 1 F 3.2 1

Ves- =g+ ?(chFcH - kFaJrF), ' (36.4)
dc VvV \

—_— " F oy =

T/F.at_F = ¢~ 7(]\RC2C: - kFom;) (36.5)
dc? c: Vv

V. F __ F| 2 F 3.2

Gy l:(pF - —F(kpcie - kFan;)] . (36.6)

Thus for nine unknowns !, c2, ¢ (n = B, C, F) we have nine equations (36).

To solve (5) for the six compartmental hydrodynamic pressures P,, together with
(36) for three CO, partial pressure =}, three HCO; concentrations c¢? and three
H* concentrations c,3,, we need iniual values. These are given in Table |.

In compartment A we prescribe the arterial pressure and flow [3]

Pp = P; + P, sin 27 wt, (37)

Qa = Q4 + Q) sin 2 or, (38)

where P, and P, denote the average arterial pressurc and its amplitude, respectively,
Q% and Q') denote the average arterial dow and its amplitude, respectively, w denotes
the cardiac frequency. The concentration of the components in the artery («,, ¢3, )
are prescribed in time.

The system of nonlinear ordinary differential equations (5) and (36) were solved by

the Runge—Kutta method of the fourth order with adaptive stepsize control.
L4

3. RESULTS

3.1. Blood flow control

In writing the balance equation (5), it is usually assumed that the conductances, Z.
are independent of time. However, in reality, the values of Z vary continuously in
response to certain changes that occur in the cerebrovascular system. In what follows
the brain cells are continuously metabolizing. consuming oxygen and producing COs.
The changes in the CO, production are probably the dominant factor in cerebral blood
flow control. ) .

We use a relation [11] between CO;, tension in the CSF (ﬂ;) and in the arterles (ﬂ'}‘).

ng = 8.6+ 0.942::}\. : (39)
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Table 1.
Parameters used in the model simulations [1-5]
Parameter ‘ivomunal’ [(-)nom] Vaiue Range
Initial values

Ps, mmHg 100.0 .

Pp, mmHg 8.7

Pc, mmHg 30.0

Pg. mmHg 94

Py, mmHg 8.5

Ps, mmHg 7.5

Py, mmHg 1.3

rré, mmHg 49.5

né, mmHg 479

xrl,, mmHg 48.6

cg, mmol/l 15.3

cé. mmol/] 27.6

¢, mmol/l 23.9

pHg 7.10

pHc 7.37

pHg : 7.30

Arterial variables

P?. mmHg 1100
P, ., mmHg 20.0
Q',. ml/min 120.0
ni, mmHg 50.0
c2 mmol/1 30.9
pH, 74 ¢
w. Hz 1.0

Physical and chemical parameters
Vg, mi 996 (0.90-1.03) - (VB)nom
Ve, ml 30 (0.80-1.20) - (Vc)nom
Ve, ml 150 (0.10-0.15) - (VE)nom
@, mol/(l - mmHg) 1031 x 10~
k. mol/l 7.94 x 1077
kg, Us ., .- 0.131.... oo oir © o (1072-10%) - (kg)pom
kg, 1/(mol -s) 1.65 x 10° (1072-10%) - (kgdnom
M, mmol/(l - min) 2.17 0.75-1.15) - (M)nom

f 0.9 ©.55-1.1)  (f Jnom




S TS AN R TP R L RISy R R T [T RS e
i
_|
60 S. Sorek et al. :
Table 1. X
(Continued)
Parameter ‘INormunal” {(-jpom] vaiue Range '
Buffering parameters
fg. mmol/(l - pHunit) -20 . (0.75-1.40) - (Bg)nom ’
.. mmol/( - pHunit) -12 (0.90-1.15) - (B=)nom '
Bg. mmol/(l- pHunit) —18.5 (0.65-1.30) - (Bg)nom
Bca. mmol/l 2.07 (0.55-1.05) - (Bca)nom
Brc. mmol/l 2.07 (0.55-1.05) - (BFC)nom
Bpc, mmol/l 2.07 (0.55-1.05) - (BBC)nom
Bgr. mmol/1 2.07 (0.55-1.05) - (BBF)nom
Conductances and compliances
Zac, ml/(mmHg - min) i 10.7 .
Zgc. ml/(mmHg - min) 0.000075 )
Zpr, ml/(mmHg - min) 0.075
Zpv. ml/(mmHg - min) 0.3
Zcr, ml/(mmHg - min) 0.015
Zps, ml/(mmHg - min) 0.13
Zsv. ml/(mmHg - min) 76.9
Z3s, ml/(mmHg - min) 125.0
Zcv, ml/(mmHg - min) 357
Cap. ml/mmHg _ 0.0012
Cer, ml/mmilg 0.0360 '
Cpv, mi/mmHg 0375 '
Crs. ml/mmHg 0.0490
Cpr. ml/mmHg 0.2090
Diffusion parameters - ‘
v2(= v = v20) 0.074 (0.65-6.75) - (v2 Jnom ',
B (=8 =80 0.93 (0.90-1.10) - (&3 nom
D}, 1/min 375 (101-10) - (DL c)nom i
D}, I/min 9.79 (1071-10) - (D}c)nom !
D}p. 1/min 8.52 (1071-10) - (Dyp)nom ’
D3, /min 0.00830 (101 -5) - (D3 )nom \
D, 1/min 0.00798 (101-2) - (DE:)nom f
D3¢, I/min 0.00387 (107"-5) - (D3g)nom .
s Dgc' Imin - e~ - - -~ 0.03010 - - e (10—1_10), (D%C)mm"‘ b
D3, I/min 0.00471 (1071-10) - (D3c)noms

D3c. 1/min 0.04450 (1071-10) - (D3)nom
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Following Greenberg et al. [1], we also use the relation between average arterial to
capillary flow (g AC‘) and the arterial CO, pressure (n'}\) [12].

92.8
1+10570(z})

dac =209+ (40)

-2.281"

Note that ; and g, are expressed in [mmrg] and [ml/(100 g min)], respecuvely.
An increase in the amount of CO, in the arterial blood bathing the brain causes a
dilation of blood vessels and an increase in the blood flow which carries away CO,
and re-establishes normal condiuons.
By combining (39) and (40) we find the relation between Gac and né,

- 92.8
Gac =209 + PP 41)
18
1+ 10570( oo >
Following (5) when applied to compartment A,
dPas
Cas=3— +4ac = Qa, @

where we choose compliance Cag = 0.0012 ml/mmHg [5]. Integration of (42) over
the interval of one time cycle {1, #; = # + 1/w] and bearing in mind the cyclic
behavior of pressure, we obtain

éAC = Q}%. (43)

Since flow between compartments A and C is proportional to the conductance Z ¢,
we postulate that

-0 Q4

Zac = Zpemmgr . )
0
A

where Z8. denotes the conductance at a known reference flow Q% . For exam-
ple, when solving the inverse problem for the flow equations (5), it was found
that for Q% = 50 ml/(100 gmin) the associate conductance values is Z9. =
10.7 ml/ (mmHg min) [5]. Thus by virtue of (38), (41) and (44) the flow and transport
problems are coupled.

In the set (5) and (36), we encounter various coefficients, or parameters. One group
consists of coefficients such as kg, kp, @, ... that are universal and assumed known.
They are independent of the particular model employed here. The second group
consists of the conductances Z,;, compliances C,; and boundary diffusivities Df”-. The
determination of the coefficients Z,;, and C,; was described in an earlier paper [3]
and will be considered here as alreadv known.

In the following section, we shall consider the estimation of the various boundary
diffusivities of the model.
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3.2. Estimating bou{zdary diffusivity coefficients

In order to estimate nine diffusion coefficients we use (36) at quasi-steady-state con-
ditions. '

_ As the CO; mass (as well as that of HCO; and H*) within each compartment
varies, we may identify points in time, say ty and £ (> 1), at which this mass is
the same. This means that over the time interval between #; and 1 (regardless of
the sequence of changes in between these instances), the total mass of CGCs in the
compartment has not changed. Hence

n

—0 —
—ﬁdt_O VCI = Ve

n

(45)

f:'

n

Thus by integrating (36) over™a period of time beginning and ending with the same
component mass, we obtain a system of linear algebraic equations

AD =B, (46)

where D = [D).. D}, Dig, D3, Dic, Dig, D3, Dic, D3] denote the unknown
vector. Matrix A and vector B relate to average concentrations, quasi steady-state
values of pressures and various model parameters. However, we note that A is
singular. Hence, special considerations arc necded and thercfore a set of techniques,
known as singular value decomposition, were implemented [13]. In order to reduce the
number of nonzero elements in A, we considered the case when chemical equilibrium
between CO~. HCO; and H* components also exists in compartment F. Thus (35) and
(36.1)-(36.3) for n = F were used instead of (36.4)—(36.6). Numerical experiments
show that in this case the obtained solution is more stable in relation to the input of
small deviations from the initial data. Solution of the inverse probiem needs numerical
valucs of components concentration and paramcters, which are accepted as known.
Most of these were taken as a data base from Greenberg er al. [1] and are presented
in Table 1. The estimated diffusions were found to be rather sensftive to the input
concentrations data. Diffusivities of HCO; and H* were more sensitive than that
of CO,. The following subset were introduced in (46)

= 40.0 mmHg, Jré = 49.5 mmHg, JTé = 47.9 mmHg, JT'i = 48.6 mmHg,
c; = 24.7 mmol/l, ¢2 = 15.3 mmol/l, ¢> = 27.6 mmol/l, cg = 23.9 mmol/I,
pH, =740, pHg = 7.10, pHe = 7.37, pHp = 7.27.

1
A
,,

and produced the following boundary diffusivities, Dy, (1/min):

CO::  Di.=37.50, DFC 9.79, D}y = 8.52. y
HCO;: Djc=0.00830, Dpc = 0.00758, Djp = 0.00387,
H*: D} = 0.03010, D} =0.00471, D3 = 0.04450.

- e e -
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In order to check the validity of the obtained D} diffusivities, we use their values
for the solution of (36) for a long time period. This will yield the quasi-steady-state
values of the variables. The obtained values were
= 49.6 mmHg, 7. =47.9 mmHg, 7. = 48.6 mmHg,

¢z = 14.7 mmol/l, c2 = 27.5'mmol/l, ¢2 = 20.8 mmol/l,
pHg = 7.08. pHc =7.37, pHp =7.22.

1
B
2

As expected, these were similar to the values of the same variables implemented in
the inverse procedure. The maximum deviation (13%) occurs in the HCO3 concen-
tration associated with compartment F. For the other variables, the differences are less
significant.

3.3. Sensitivity analysis

In order to investigate the effect of the various parameters on model behavior, a
sensitivity analysis was performed. Each parameter (independent of all others) was
varied within its admissibie iimits (see Table 1). We examined the influence of
these parameters on component concentrations and arterial flow for the case in which
artcrial CO; tension has a step change from 40 to 50 mmHg. Some of the results
which showed appreciable changes in the model behavior are presented in Figs 4-9.
All comparisons were made relative to a ‘nominal” set of paramcters listed in column 2
of Table 1. Note that ‘decrease’ or ‘increase’ of variables will be referred 0 as the
behavior relative to the simulation based on the ‘nominal’ set.

The perfomed sensitivity analysis showed that changes of V¢, Vi, . k. ke ke f
B, 6 and D,al had very little effect on concentration of components and arterial flow.
Other parameters had a different influence in different compartments.

Parameter of CO; metabolic rate, M, had a similar influence on CO; tension in
all compartments. Its increase or decrease constitutes the same trend when consid-
ering CO, pressure (Figs 4-6). Accordingly, changes of CO; concentration in the
CSF compartment leads to changes of the mean arterial flow (Fig. 7). This phe-
nomenon is well observed clinically [14].

It was found that the brain tissue volume had a small influence only on the CO- pres-
sure. A decrease of V; to 90% of its ‘nominal’ value induces a decreasc of CO, partial
pressure in all compartments, mainly because of a reduction of the total metabolic
CO, production.

Among the By, parameters characterizing the Haladane effect, only Bca had a
considerable influence on model behavior. Hence, this effect is mainly pronounced
between artery and capillaries. Lowering of Bca results in the rise of CO, partial
pressure and the fall of HCOj concentration and pH in all compartments (Figs 4-6),
and an increase of mean arterial flow (Fig. 7). .

The disequilibrium transport coefficient of bicarbonate ion, y, which represents the
active transport induced by electrochemical potential, had an identifiable influence
only on changes of HCO; concentration and pH. Its augmentation from 0.074 to
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Figure 4. Effect of change in parameters on evolution of components in the brain tissue compartment.

0.5 led to the increase of bicarbonate concentration in the brain tissue and CSF com-
partment (Figs 4 and 6), and a decrease of HCO; concentration in the capillary and
the choroid plexus (Fig. 5). Changes in HCO; concentration through the mechanism
of chemical equilibrium reaction induced an increase of the pH in brain tissue and
CSF compartments, and a less significant decrease in the capillary compartment.

Numerical simulations show that boundary diffusivities play an important role in
transport of chemicals between the compartments. However, their contributions are
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Figure 5. Effect of change in parameters on evolution of components in the capillary compartment.

diffcrent. It was found that a 10-fold reduction of any of the coefficients had no signif-
icant effect excluding D}c. A decrease in D} leads to the growth of the CO, gradient
between the brain ussue and capillary compartments. At the same time, CO; pressure
increased in the brain tssue and CSF compartments, and decreased in the capillary
compartment. Mean arterial flow also increased (Fig. 7), as well as the concentra-
tions of HCO; and H* in the brain tissue compartment (Fig. 4). Changts of the
two iatter in capiilary and CSF are smalier and are demonsirated only for pH in

capillary (Fig. 5).
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Figure 6. Effect of change in parameters on evolution of components in the CSF compartment.

An increase of boundary diffusivities for CO, induced the reduction of CO- partial
pressure gradient between C, F and B compartments, and did not show any signifi-
cant influence on the behavior of the hvdrocarbonate and hydrogen ions. The same
behavior was experienced by the boundary diffusivity coefficients of H*.

Diffusion coefficients of HCOJ almost did not exert any influence on the behavior
of CO,. However, HCOZ concentration and pH in different compartments were rather
sensitive to changes of this parameter. For example, a 5-fold increase of DZ_ caused 2
drastic drop of the HCOJ concentration and pH in the brain tissue, and a less consid-
erable rise of HCO3 in the capillary (Figs 4 and 5). Yet, when increasing coefficient

o ——
- -
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Figure 7. Effect of change in paramcters on evolution of mean flow in the artery compartment.
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Figure 8. Response of compartment’s mean blood pressure duc to the decrease gf arterial CO, partial
pressure from 40 to 30 mmHg.

Df:C only 2-fold, 1t induced a dramauc decrease of HCOj; in the CSF compartment
(Fig. 6), without affecting other components.

Parameter D%F affected HCO3 concentration and pH in compartment B similar to

o i-e. its augmentation increased the value of the simulated HCO; and pH vari-
ables. In compartment F, Dgg had an opposite effect (Fig. 6).

Thus, we note that model behavior is rather sensitive to changes in boundary diffu-
sivities. This indicates the importance i1n obtaining a better assessment of their values
not only at the quasi-steady-state stage at which the distribution of compartmental
concentration is achieved. Hence a more detailed measurement during nop-steady
state conditions should be used in order to solve the inverse problem.

Figure 8 exemplifies the response of the mean blood pressure due to a decrease in
CO; partial pressure in the artery (when it drops from 40 to 30 mmHg). Simultane-
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of arterial Pco, from 40 to 30 mmHg.
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ously, we had also dropped the arterial pressure from 100 to 90 mmHg. Changes of
blood pressure are Induced by alterations of arterial mean flow and the conductance
Zac (see equation (43)). We note an abrupt fall of pressure at the first instance reach-
ing an asymptotic value with time, in all compartments except that of the capillary.
In the capillary (not shown) the pressure abruptly falls from 30 to 20.6 mmHg and
remains at that level with a very slow increase rate. Figure 9 shows the evolution of
the components in this case. The CO- partial pressure drops at first time instances
and then increases very slowly in all compartments. The HCOjJ concentration in
the capillary slightly falls and then remains constant during time. We note that it
decreases gradually in the CSF and brain tissue compartments. Accordingly, the pH
in the capillary increases slightly and then remains constant. In the CSF and brain
tissue compartments, pH decreases with time after an initial rise. This trend of Pco.,.
HCO3 and pH in the CSF is qualitatively similar to the experiments performed in
rabbits during sustained hyperyentilation [14].

4. CONCLUSION

A compartmental brain model was developed to describe transport processes of molec-
ular CO2, HCO3 and H* between brain tissue (B), capillary—choroid plexus (C)
and the CSF (F) compartments. The model consists of mass balance equations (i.e.
transport equations) accounting for non-steady advection, diffusion and generation of
constituents duc to chemical rcactions.

Balance cquatons arc expressed 1n tension values of CO3, concentratuon for HCOZ
and free concentration for HT.

The fluid is assumed to be of a constant density, hence allowing decoupling between
the solutions of fluid and of componeni balance cquations. A scparate soluton is
thus obtained for non-steady flow through the cerebrovascular system model by seven
compartments: artery. capillarv—choroid plexus, brain tissue. CSF. vein. venous sinus
and jugular bulb. This solution describes the evolution of compartmental perfusion
pressure subject to conductances expressing the case of leakage through semi-pervious
boundaries and compliances expressing compartmental volume rate of change due to
boundary displacements [3-5]. The non-steady flow governs the advection term in
the model describing the transport of chemical components. This enables the study
of pathological situations such as different patterns of initial fluxes that give rise
to transicnt periods of transport, and/or changes in conductances and compliances
because of occlusions.

Generation of components in the physiological fluid within a compartment is gov-
emmed by the stochiometric relation expressing the hydration reaction. Within the
capillarv—choroid plexus and the CSF compartments. the reaction is considered to be
instantaneous, hence in equilibrium. Within the brain tissue compartment, the pro-
duction of CO, is assumed to equal the difference between the reverse and forward
reaction rates. . .

In order to soive for the different components, we need to know various coeffi-
cients. Some of them may be found in different citations. However, most of the
boundary diffusivities need still to be estimated. Therefore, we present a parameter

i
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estimation method'which we implement to assess time averaged boundary diffusivities
based on time observations of perfusion pressures, CO; tension, HCO3 concentration
and pH. An assessment of the sensitivity of the transport solution to parameters such
as diffusivities, various physical and chemical parameters was also investigated.

Diffusivities, compliances and conductances are assumed as average values in time,
i.e. they may change from one constant value to another because of reasons such as
illness, aging, etc. We relax this assumption for the conductance, Z,c, controlling
flow from the arteries to the capillaries. We introduce an equation of state that
relates this conductance to perfusion pressure drop between arteries and capillaries
and CO; tension in the CSF. Hence, Zac 1s changing contnuously in response to
excitations from the perfusion pressure and CO- tension. This short time of response
of Zac describes flow control from arteries to capillaries.

*
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